Rend. Sem. Mat. Univ. Padova 1xx (201x) Rendiconti del Seminario Matematico
della Universita di Padova
© European Mathematical Society

Mostow’s Fibration for canonical embeddings of compact
homogeneous CR manifolds

STEFANO MARINI - MAURO NACINOVICH

ABsTRACT — We define a class of compact homogeneous CR manifolds which are bases of Mostow
fibrations having total spaces equal to their canonical complex realizations and Hermitian fibers.
This is used to establish isomorphisms between their tangential Cauchy-Riemann cohomology
groups and the corresponding Dolbeault cohomology groups of the embeddings.

MarHEmATICS SUBJECT CrLassIFIcATION (2010). 32V30; 32V25, 32V35, 53C30.

Keyworps. homogeneous CR-manifold, CR-embedding, Mostow fibration, Matsuki duality, tan-
gential Cauchy-Riemann complex, Dolbeault cohomology

Contents

(I Introduction and preliminaries| . . . . . . .. ... ... 0oL 1
2 Compact homogeneous CR manifolds and n-reductiveness| . . . . . ... ... 3
B~ Someremarks on SL,(C)/SUMm). . . . . . . . .. 6
4 Decompositions with Hermitian fibers|. . . . . . . ... ... ... ... ... 11
5  Mostow fibration in general and the HNR condition| . . . . . ... ... ... 18

6 Application to Dolbeault and CR cohomologies|. . . . . . .. ... ... ... 26

1. Introduction and preliminaries

The aim of this paper is to investigate relations between the cohomology groups of the
tangential Cauchy Riemann complexes of n-reductive compact homogeneous CR mani-
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folds and the corresponding Dolbeault cohomology groups of their canonical embeddings.
The class of n-reductive compact homogeneous CR manifolds was introduced in [[1]: its
objects are the minimal orbits, in homogeneous spaces of reductive complex groups, of
their compact forms.

Results on the cohomology of the tangential CR complexes on general compact CR
manifolds of arbitrary codimension were obtained in [14] (see also [8]]), under suitable r-
pseudoconcavity conditions, involving their scalar Levi forms, that were first introduced
in [3}125]. In this paper we will restrain to the homogeneous case.

The CR structure of a homogeneous CR manifold M, is efficiently described by con-
sidering its CR algebra at any point pyp € My: it is the pair (Ko, ) consisting of the
real Lie algebra xq of its transitive group Ky of CR-automorphisms and of the subspace
D= dﬂ_l(T;,)(’)l M,) of the complexification ¥ of Ky (see [22]). The formal integrability of
the partial complex structure 7%! My, of M is equivalent to the fact that v is a complex Lie
subalgebra of x. The intersection v N b (conjugation is taken with respect to the real form
Kp) is the complexification of the Lie algebra of the stabilizer of py in K and the quotient
v/(v N D) represents the space Tg(’)l M, of anti-holomorphic complex tangent vectors at py.

We call n-reductive a homogeneous CR manifold for which » = (v N D) ® n(v), i.e.
for which Tg(;l M can be identified to the nilradical of v. It was shown in [1]] that the
intersection of any pair of Matsuki-dual orbits in a complex flag manifold M, with the
CR structure inherited from M, is an n-reductive compact homogeneous CR manifold.
Moreover, when M, is n-reductive, v is the Lie algebra of a closed complex Lie subgroup
V of K that contains the stabilizer of py as its maximal compact subgroup, so that My =
Ko/Vy — M_ = K/V is ageneric CR-embedding. Vice versa, if M_ is a K-homogeneous
complex algebraic manifold, then a minimal Kq-orbit M, in M_ is an n-reductive compact
homogeneous CR manifold.

Since Ky is a maximal compact subgroup of a linear algebraic complex group K, the
quasi-projective manifold M_ can be viewed as a Kg-equivariant fiber bundle on the basis
My (see [24]). We use this Mostow fibration of M_ onto M, to construct a nonnegative
smooth exhaustion ¢ of M_, with ¢~1(0) = My, to relate the Dolbeault cohomology of
M_ to the cohomology of the tangential CR-complex on M. This requires some preci-
sion on the structure of the fibers and forces us to introduce a further requirement on the
CR algebra (1, v), namely to ask that, if w is the largest complex subalgebra of k¥ with
v Cw C (v+ D), (see [22] Theorem 5.4]), then n(w) is the nilradical of a parabolic sub-
algebra of k. This condition is satisfied in many examples coming from Matsuki duality
(cf. [21]) and can always be satisfied by strengthening the CR structure of an n-reductive
M,.

When we drop this extra assumption, we are still able to construct a continuous ex-
haustion, which, when M, is r-pseudoconcave, is still strictly r-pseudoconcave, allowing
us to obtain results on the first (r — 1) tangential Cauchy Riemann and Dolbeault coho-
mology groups of My and M_ (or up to (r — hd(¥) — 1) if we discuss cohomology with
coeflicients in a coherent sheaf 7).

Earlier versions of some results proved here were discussed in [[19, [20].

The paper is organized as follows.
In §2| we discuss some basic facts on n-reductive CR manifolds. We skip from ba-
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sic stuff on CR manifolds and CR algebras, for which we refer, e.g., to [14, 22], and
only explain those special features which are necessary for the developments of the next
sections.

Cartan and Mostow fibrations are related to the structure of negatively curved Rie-
mannian symmetric space of the set of Hermitian symmetric matrices with determinant
one. Hence we found convenient to discuss in §3| as a preliminary, some topics of the
geometry of SL,(C)/SU(n).

In §4 we study decompositions of K with Hermitian fibers.

Example shows that a Ky-equivariant fibration of M_ with Hermitian fibers, as in
[23], is not always possible. In §5 we describe the general structure of the fibers. To this
aim, we consider a class of parabolic subalgebras associated to the pair (i, v) and find
a condition, that we call HNR from horocyclic nilradical, under which we get a Mostow
fibration of M_ with Hermitian fibers.

In the final section §6]we apply these results to construct an exhaustion function which
permits to relate some cohomology groups of the tangential CR complexes on M to the
corresponding cohomology groups of the Dolbeault complexes on M_ and analogous
results for Cech cohomology with coeficients in a coherent sheaf. We conclude with the
study of an example of a family of intersections of Matsuki-dual orbits and an application
of §4{to obtain a pseudoconcavity result for which we do not require the validity of the
HNR assumption.

2. Compact homogeneous CR manifolds and n-reductiveness

In this section we introduce the class of homogeneous CR manifold which is the object
of this investigation. We found convenient to recall, in an initial short subsection, the
definition of reductive Lie group, as it is not completely standard in the literature.

2.1 — Reductive Lie groups

We call reductive a Lie algebra k whose radical is abelian: its commutator subalgebra
[x, x] is its semisimple ideal and its radical a equals its center (see [7]]).

Reductive x’s are characterized by having faithful semisimple representations.

An involution 0 on a Lie algebra x yields a direct sum decomposition

K =Ky®pg, With kg ={Xex]|0(X)=X}, pp={Xex|06X)=-X}.

A Lie group K is reductive (see [17]) if its Lie algebra x is reductive and, moreover,
there are an involution 0 and an invariant bilinear form b on k such that
(i) Ko L po forb;
(if) b<0onxyandb > 0 on py;
(iii) ¥ is the Lie algebra of a compact subgroup K, of K and

2.1) Ko X Po 3 (x,X) — x-exp(X) € K

is a diffeomorphism onto;
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(iv) every automorphism Ad(x) of the complexification k€ of k, with x € K, is inner,
i.e. belongs to the analytic subgroup of the automorphis group of ¥ having Lie
algebra ad(x).

Then: 0 is a Cartan involution, x = Ko ®po and (2.1)) are Cartan decompositions, Ky is
the associated maximal compact subgroup, b is the invariant bilinear form. The maximal
compact subgroup K of K intersects all connected component of K (see [17, Proposition
7.19]). In particular, K has finitely many connected components.

2.2 — Splittable Lie subalgebras

Let k be a reductive complex Lie algebra, and
Kk=3®s, with 3={Xex]|[X,x]={0}}, s=[xx]

its decomposition into the direct sum of its center and its semisimple ideal. An element
X of x is semisimple if ad(X) is a semisimple derivation of k, and nilpotent if X € s and
ad(X) is nilpotent.

An equivalent formulation is obtained by considering a faithful matrix representation
of x in which the elements of 3 are diagonal: then semisimple and nilpotent elements
correspond to semisimple and nilpotent matrices, respectively.

Each X € k admits a unique Jordan-Chevalley decomposition

X =X+ X,, with X, semisimple, X, nilpotent, and [Xj, X,,] = 0.

A Lie subalgebra v of x is splittable if, for each X € v, both X; and X,, belong to v.
If v is a Lie subalgebra of «, the set

Me(v) = {X € rad(v) | X is nilpotent}
is a nilpotent ideal of v, with
rad,(v) = rad(v) N [v, v] C M(v) C nil(v),

where nil(v) is the nilradical, i.e. the maximal nilpotent ideal of v, and rad, (v) its nilpotent
radical, i.e. the intersection of the kernels of all irreducible finite dimensional linear
representations of v. Note that the nilpotent ideal n(v), unlike nil(v) and rad,,(v), depends
on the inclusion v C k (cf. [6) §5.3]). We recall

ProposiTion 2.1 (see 6, §5.4]). Every splittable Lie subalgebra v admits a Levi-
Chevalley decomposition

(2.2) » = 1 (0) B v,,

with v, reductive and uniquely determined modulo conjugation by elementary automor-
phisms of v, i.e. finite products of automorphisms of the form exp(ad(X)), with X € v and
nilpotent. O
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2.3 — Definition of n-reductive

Let x be the complexification of a compact Lie algebra 1y. Conjugation in x will be
understood with respect to its compact real form k. Note that all Lie subalgebras of a
compact Lie algebra are compact and hence reductive.

ProposiTion 2.2. For any complex Lie subalgebra v of X, the intersection v N D is
reductive and splittable. In particular, v N 5 N n(v) = {0}. A splittable v admits a Levi-
Chevalley decomposition with a reductive Levi factor containing v N .

Proor. We recall that v is splittable if and only if its radical is splittable ([6, Ch.VII, §5,
Théoréme 2]). In this case, v admits a Levi-Chevalley decomposition and all maximal
reductive Lie subalgebras of v can be taken as reductive Levi factors. The intersection
v N D is reductive, being the complexification of the compact Lie algebra v N kp. Then the
reductive Levi factor in the Levi-Chevalley decomposition of v can be taken to contain
b N D (see e.g. [26]). O

Norarion 2.1. In the following, for a complex Lie subalgebra v of k, we shall use the
notation
Lo(v) =pN¥Ky, LM)=vND.

DermniTion 2.1. Let Ky be a compact Lie group with Lie algebra 1y and M, a Ky-
homogeneous CR manifold, with isotropy V, and CR algebra (i, v) at a point py € M.
We say that M, and its CR algebra (¥, ), are n-reductive if

D = e(0) ® L(v),
i.e. if £(v) = v N b is a reductive complement of 1n(v) in .

RemMark 2.3. If (i, v) is n-reductive, then v is splittable. Indeed all elements of 11,(v)
are nilpotent and all elements of £(v) are splittable, because £(v) is the complexification
of £y(v), which is splittable because consists of semisimple elements. Then v is splittable
by [6, Ch,VII, §5, Théoréme 1].

All submanifolds which are intersections of dual submanifold in the Matsuki dual-
ity, with the CR structure inherited by the embedding in the ambient flag manifold, are
n-reductive (see [I, §1]). We exhibit here an example of a compact homogeneous CR
manifold My which is not n-reductive.

ExampiE 2.4. Let Ky = SU(n), n > 3. Fix a complex symmetric nondegenerate n X n
matrix S and consider the subgroup V = {a € SL(n,C) | a’'Sa = S} of SL(n, C), with Lie
algebra v = {X € sl(n,C) | X'S + SX = 0}. Set Vo = VN Ky and My = Ko/Vy. This is
a Ky-homogeneous CR manifold with CR algebra (i, v), where xy =~ su(n), v ~ so(n, C).
If S and S* are linearly independent, then v is a semisimple Lie subalgebra of x distinct
from v N .
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The CR manifolds of Definition 2.T|have canonical complex realizations:

THeOREM 2.5 ([}, Theorem 4.3]). Let My be an n-reductive Ko-homogeneous CR man-
ifold, with CR algebra (xy, v) and isotropy Vg at some point py € My. Then there is a
closed complex Lie subgroup V of the complexification K of Ko with Ko NV = V and
Lie(V) = v such that the canonical map

(23) MQ = Ko/VO — M_ = K/V
is a generic CR embedding. O

REmARK 2.6. Vice versa, if M_ = K/V is the homogeneous complex manifold of the
complexification K of Ky, it is shown in [, Prop.2.9] that any Ky-orbit M, of minimal
dimension in M_, with the CR structure induced by the ambient space, is n-reductive.

3. Some remarks on SL,,(C)/SU(n)

Keep the notation of As we explained in the introduction, we need to precise the
structure of the fibers of the Ky-equivariant Mostow fibration M_ — M.

Mostow fibration ([23}24]]) extends to homogeneous spaces the Cartan decomposition
of reductive Lie groups. Both are related to the fact that the positive definite n X n Hermi-
tian symmetric matrices with determinant one are the points of a Riemannian symmetric
space M, with negative sectional curvature. We will discuss some topics on the geometry
of M, (see e.g. [L1]]).

Any compact Lie group K has, for some integer n > 1, a faithful linear representation
in SU(n), which extends to a linear representation K < SL,(C). Thus decompositions in
SL,,(C) are preliminary to the general case.

The linear group SL,,(C) has the Cartan decomposition
SU®n) X po(n) 3 (x,X) — x-exp(X) € SL,(C),

where SU(n) = {x € SL,(C) | x*x = I,} is its maximal compact subgroup consisting
of n X n unitary matrices with determinant one, and po(n) the subspace of the traceless
Hermitian symmetric n X n matrices in sl,(C).

The quotient M, = SL,(C)/SU(n) is a symmetric space of the noncompact type and
rank (n—1), endowed with a Riemannian Riemanniansymmetricmetric with negative cur-
vature. We can identify 94, with the set ) (n) of positive definite Hermitian symmetric
matrices in SL,(C), which in turn is diffeomorphic to py(n) via the exponential map. In
this way 2, can be considered as an open subset of py(n) and its tangent bundle 7'M, is
naturally diffeomorphic to the subbundle

TM, = {(p,X) € M, x p(n) | p~' X € po(n)}

of the trivial bundle 2, x p(n), where we set p(n) = {X € C™" | X* = X}.
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The special linear group SL,(C) acts on M, as a group of isometries, by
SL,(C) X M, > (z, p) — zpz" € My,

and SU(n) is the stabilizer of the identity e = I,,, that we choose as the base point.
The metric tensor on M, is

(X,Y), = g,(X, Y) = trace(p™' Xp~'Y), Vpe M, VX,YeT,M,.
The curves
R >t — zexp(tX)z" € My, for X € po(n), z € SL,(C)

are the complete geodesics in M, issued from p = zz* and

. n _ 1/2
dist(p1, p2)= (D, 1ogOu(py'p2)P) ",

where A;( p;l p») are the eigenvalues of the matrix p~! p,, which are real and positive, the
Riemanniandistance on M,,.

3.1 — Killing and Jacobi vector fields

Since M, is a Riemannian symmetric space of SL,(C), the Lie algebra of its Killing
vector fields is isomorphic to sl,(C). The correspondence is

sl(C)3Z — Lz ={p > Zp + pZ’} € X(M,).

For H in py(n), the restriction to [0, 1] of the geodesic t — ygy(¢) = exp(tH) is the
shortest path from e = y5(0) to h = exp(H) = yu(1). We will denote by 7(H) the space
of Jacobi vector fields on yy and by J(H) its subspace consisting of those vanishing at
t = 0. For each Z € sl,(C), the restriction of Tz to vy is a Jacobi vector field, that we
denote by 0z:

{R>t— 0z(t) = Z" exp(tH) + exp(tH)Z} € 9(H).

To describe 7(H) it is convenient to consider the commutator of H :

C(H) = {Z € s1,(C) | [Z, H] = 0} = C.(H) ® Co(H), with
{ Cu(H) = C(H) N su(n), Co(H) = C(H) N po(n).

ProposiTion 3.1. The correspondence 0 : s,(C) 3 Z — 0z € J(H) is a linear map
with kernel C,(H). For each T € Co(H), J(t) =t - O7(¢) is a Jacobi vector field and

(3.1) JH)={0z+1t0r | Zesl,(C), TeCy(H)},
3.2) Jo(H) = {0y +t-07| Y € su(n), T € Co(H)}.

FixZ € s1,(C)and T € Cy(H). Then

(3.3) J(@) = 07(t) + t-07() = Z" exp(tH) + exp(tH)Z + 2t - T - exp(tH)
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is the Jacobi vector field on vy satisfying the initial conditions:

{J(O) - 7Z+7,

(3.4) S
J0) = Y[H,Z - z*]+ 2T,

and we have

J@o) = %G[H,ZHZT (1),
(3.5) DX J(1)
drk

= Z_keadé,(Z)(t)’ fork > 2.

Proor. If T € Cy(H), then O7 is parallel and therefore also 7-67 is Jacobi on yg. To
compute the covariant derivatives of the Jacobi vector field J(z) defined in (3.3)), we use
the parallel transport Ty, M, > X — exp(sH/2)X exp(sH/2) € Ty, +5M, along yy.
Then

ds
= 1(Z", H]exp(tH) + § exp(tH) [H, Z] = 1011.7(1).

0,() = (i) [exp(—sH/2){Z" exp([t + s]H) + exp([t + s]H)Z} exp(—sH/2)]
5=0

By iteration we obtain (3.3) and, in particular, (3-4).
Finally, we need to show that all J in 7(H) have the form @D Since ady is semisim-
ple, sl,,(C) decomposes into the direct sum of its image and its kernel. Hence py(n) =

[H, su(n)] & Co(H), and this yields (3.1)) and (3.2). O
For X € py(n), we will denote by Jx the geodesic on vy with
Jx(0) =0,
(3.6) x(0)
Jx(0) = X,

while 0x € J(H) satisfies 0x(0) = 2X, 0x(0) = 0.

The nonconstant geodesics of a manifold with negative curvature have no conjugate
points. Hence the map J(H) > J — J(t) € T,,,(nM, is a linear isomorphism for all ¢ # 0.
Moreover, for every J € 7(H), the real map'|t — ||J(¢)|| is nonnegative and convex and
therefore a nonzero J(f) € J(H) vanishes for at most one value of ¢ € R, corresponding to
a minimum of ||J(#)||> and thus to a solution of (J(#)|J(r)) = 0.

Lemma 3.2. If J € 9(H) is not parallel along vy and (J(0)|J(0)) = 0, then
17O < |J(@)|| for all t + 0. O

Lemma 3.3. The quadratic form

1
(3.7) 1117 = fo A=0) (@I + (@), J@2)) dt

! Here and in the following we drop the subscript indicating where norms and scalar products are computed,
when we feel that this simplified notation does not lead to ambiguity.
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is positive semidefinite on J(H) and
I}, =0 J =07 fora T € Co(H).

Proor. Let J € J(H). Then (J,J) = —(R(J,V#)7ulJ) = 0 for all ¢ by the Jacobi equation,
because M, has negative sectional curvature. Hence ||J ||?1 = 0 if and only if J(#) = 0 for
all . The statement follows because {07 | T € Co(H)} is the space of the Jacobi vector
fields that are parallel along yy. O

LemMma 3.4. We have
(3.8) IV(DIP = IFO)+2(JO)J(0))+ 2 1113, YJ € J(H).

Proor. We apply the integral form of the reminder in the first order Taylor’s expansion to

f@ =l O

For further reference, we state an easy consequence of Lemma 3.4

Lemma 3.5. Let Z € sl,(C), X € po(n), and trace(X - Z) = 0. Then

(3.9 102(1) = Jx(DI* = I1Z + Z*I* + 2(HI[Z, Z*]) + 1102 — Jx|[};-
Proor. We apply (3:8) to J = 67 — Jx.
Then
JO)=Z+Z", J0)=3i[HZ-Z1-X
yields

102(1) = Ix(DIP = V(DI = 1Z + Z*1? + 2Z + Z*1X + 3[H.Z - Z]) + U )n
=1Z+ZP+(H,Z~ZWNZ+Z") + ()u
=1Z + Z*|* + 2(H|[Z, Z*]) + (J1))mr.

O

Let J(t) = 02(¢) + t07(¢), with Z € sl,,(C) and T € Cy(H). The two commuting Hermi-
tian symmetric matrices H and T can be simultaneously diagonalized in an orthonormal
basis of C". Let Aq,. .., A, be the distinct eigenvalues of H, with multiplicities ny, ... ,n,,
and choose an orthonormal basis of C" to get matrix representations

;Lllnl T
)\21,12 T2
H = , T = s
Al T
(3.10) "

21,1 212 -+ Zm

5 21 22 ... Lm with t; € R"*" diagonal,
. . . ) and Zi’j = Cnan,’ .
Zm,1 Zm,2 oo Zmm



10 S. Marini - M. Nacinovich

Let us extend the trace norm of py(n) to a norm in sl,(C), by setting
[|Al]| = +/trace(AA*) > 0, VA € s[,(C).
Then
IJ@OIP = trace (22 + 2 +2¢" Ze™ 2" +40Z + Z')T +4£°T")
_ m L m s 1011 m o > m.o o,
= trace (2 Re Zihi:]z,,jzj,, +22i’j:]zh}zi’je 7 +8tRe Zi:l 1,2 +41 Zi:lri )

_ Zi;ﬁj”' 212 4 z o 5=1)/2 |”2 " Z:’; 20+ 235+ %35 2.

Set Z(t) = exp(tH/2)Z exp(~tH/2) = (z;;(t)), with z; j(t)=z; je'® /2 € C"" . We
obtain the expression

(3.11) WMOIF = Y i@+ OIF+ 7 126t + 2o+

If J(#) = 0, then each summand in (3.TT)) equals zero. For the terms in the first sum this
amounts to the fact that [H, Z(£)] = (A — M j)zi,j(t))1<i j<m 1S Hermitian symmetric. Since
[H,Z(t)] and [H, Z] are similar, we obtain:

Lemma 3.6. Let Z € sl,(C) and H € py(n). A necessary condition in order that there
exists T € Co(H) such that the Jacobi vector field J(t) = 0z(¢) + t07(t) on vy vanishes at
some t € R is that [H, Z] is semisimple with real eigenvalues. |

ExampLE 3.7. We consider the matrices

M 0 O 0 a O 0O ao O
H=|0 )\2 06513(R),Z=bOC,Y=—(_X 0 ﬁ

0 0 X 0 d 0 0 -p 0

We impose the conditions that Z be nilpotent and orthogonal to X = [H, Y] and that
0z.y(1) = 0. This translates into the set of equations

ab+cd =0,

(A2 = M)(ad + ba) + (A3 = M)(cP +dP) =0,
o = (aeM + be'?) /(e — M),

B = (ce + de™) /(e — ).

By using the last two equation we reduce to the system

ab+cd =0,

ha — A
#(Ialzek1 +ab(e + ) + Iblze}‘z)
eM

e}"z —
A — ko

+
els — el

(lcPe™ + cd(e™ + ) + |dI*e") = 0
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Assuming ab # 0 we obtain from the first equation d = —ab/c and, as A3 = —\; —\,, the
system reduces to

M =M
x )\ (Ialze>‘1 + ab(e"l + e)‘z) + |b|2e>‘2)
(+) e
k
)\1 + 2)\2 R |ab|2 o
0 lcl?e™ — ab(e™ + e 7)) + —e el )
e c

Let us restrict to the case where a, b, ¢ are real. For any fixed a, b, ¢ with ab # 0, the left
hand side of (%) is positive when ab > 0 and |\, + 2);| is sufficiently small. Let us keep
now A, fixed and consider the left hand side of (+)) as a real valued function f()\;) of the
parameter A,. Then

Jim A fO) = 161 + |c? - ab.

If ab > 0, this is negative for |a| > 1. Then we can choose the parameters to satisfy ().
In conclusion: we can find H,Z,Y with H € po(3), Z € sl3(C) nilpotent, and Y € su(3)
with X = [H, Y] € po(3) trace-orthogonal to Z such that 07,y(0) # 0 and 62,y(1) = 0.

Jacobi vector fields are used to compute the differential of the exponential map. In
fact, for H, X € py(n), the covariant derivative (% exp(H + tX)|—o is the value at t = 1 of
the Jacobian vector field Jx € J(H). If X = [H,Y] + T, with Y € su(n) and T € Cy(H),
then

(3.12) % exp(H + tX)|—o = Jx(1) = [exp(H), Y] + T exp(H).

4. Decompositions with Hermitian fibers

4.1 — Decomposition of SL,(C)

Throughout this section, V is a closed complex Lie subgroup of SL,(C), that admits a
Levi-Chevalley decomposition V =V, - V,, with V, algebraic reductive and V,, unipotent
(cf. [31} Ch.I, §6.5]). We choose the embedding V < SL,(C) in such a way that V, =
V N SU(n) is a maximal compact sugbroup of V and a real form of V, and set:

4.1) v = Lie(V), o, = Lie(V,), », =Lie(V,), vy = (v N su(n)) = Lie(Vy),
4.2) mo =0+ Npy(n), »=vy@v, with v =N py(n)) ®v,.

ReMArk 4.1. We have (v + v*) N po(n) = {Z + Z* | Z € v}. Indeed, if Z;,Z, € v and
Z1 +7Z; € po(n), then Z = (Z, + Z)/2 € vand Z, + Z5 = Z + Z*. Hence the maps

43 {n’ 57 = (Z+7Z") € (v+1°) N po(n),

vemyd(Z,X)e— (Z*+X+Z)ep,

are R-linear isomorphisms. Often we will write Z € v as a sum Z = Z + Z,, where it will
be understood that Zy € (v N po(n)) and Z, € v,,.
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By (4.3), the Euclidean subspace exp(mp) is a natural candidate for the typical fiber
Fy of an SU(n)-covariant fibration of SL,,(C)/V. As we will see, this is in fact the case for
some important classes of V’s.

Being algebraic, V admits the decomposition
4.4) Voxv' 3 u,Zy+7Z,) « u-exp(Zy) -exp(Z,) €V,

which is a consequence of the Levi-Chevalley decomposition of V and of the polar Cartan
decomposition of V,. Set

4.5) N={peM,|p=v'v, forsomeve V}.
LemMma 4.2. The map v — v*v defines, by passing to the quotients, an isomorphism
(4.6) V/Vy 3 [v] — v'v e N.

Proor. In fact the right action v-C = v*-C-v of V on N is transitive and Vj is the stabilizer
ofe =1,. O

Lemma 4.3. The map
4.7 v’ 3 (Zy + Z,) — exp(Z)) - exp(Zy) - exp(Z,) € N
is a diffeomorphism. In particular, N is diffeomorphic to a Euclidean space.

Proor. In fact, (4.7) is smooth and bijective and its inverse can be computed by using the
diffeomorphisms V/Vq =~ v’ of (d.4)), and (4.6). mi

Lemma 4.4, We can find a real v > 0 such that the map

4.8) h:v xmy >3 (Zy+Z,, H — exp(Z,) exp(Zy) exp(H) exp(Zy) exp(Z,) € M,

is a diffeomorphism of {|H|| < r} onto {p € M, | dist(p, N) < r}.

Proor. By (@.3), ) is a local diffeomorphism at all points where it has an injective differ-
ential. By using the isometries p — z*-pz of M, we may reduce to points (0, H), where, to
compute the differential, we can use the Jacobi vector fields 07 and Jx on vy, that where
defined in Indeed, for (Z, X) € v’ x my, dMO, H)(Z,0) = 0z(1) and d\0, H)(0,X) =
Jx(1). Moreover, the maps v 3 Z — 0z(1) € Texpin M, and mg 3 X — Jx(1) € Texpny My

both are injective. Thus it suffices to verify that 0,(1) # Jx(1) when Z and X are not zero.
By Lemma|[3.5]

Ix(1) = 02(DI* > |1Z + Z*|* + 2(HI[Z,Z"]), Y(Z,X) € v X my.
For Z € v, we have ||Z|| = ||Z*|| < ||Z + Z*||. Thus
((HIIZ, Z D] < 1H|| - 11Z + Z°|.

This implies that, for some r > 0, @]) defines a local diffeomorphism, and hence a
smooth covering, of v’ X {||H|| < r} onto {p € M, | dist(p, N) < r}. This is in fact a global
diffeomorphism because both spaces are simply connected. O
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Set
(4.9) V' = {exp(Zy) exp(Z,) | Zo + Z, € v'}
and consider the map
(4.10) w:SUMm) xmyx V'3 (u,X,v) — u-exp(X) - v € SL,(C).
ProposiTioN 4.5. The map {@.10) is onto.
There is a real r > 0 for which  is a diffeomorphism of {||X|| < r} onto the open

manifold {C € SL,(C) | dist(C*C, N) < 2r}.

Proor. The set N = {z"z | z € V} is a properly embedded smooth submanifold of 44,.
Hence, for each p € 2, there is a z, € V with

dist(p, z,,z,) = dist(p, N).
The geodesic joining z),z, to p has the form [0, 1] 5 7 — v(r) = z, exp(tH)z,, for some
H € po(n), and (0) is orthogonal to N at z,z,. The isometry ¢ — 2, ”'gz,' maps N into
itself, z;zp to e and ¥(0) to H. Thus H € T, M, = po(n) belongs to my.
This shows that, if T € SL,(C) and Z),2p 1s the nearest point in N to p = C*C, then

p =0T =z,exp(H)z,, forsomez, € V" and H € my.

The matrix u = C - z;l - exp(—H/2) belongs to SU(n). Indeed

wu=exp(-H/2)-[z,'1"- T - C- 2, - exp(-H/2)

exp(-H/2) - [2,']" - 2, - exp(H) - 2 - 2, - exp(=H/2) = 1,.

Since € = u - exp(H/2) - zp, this proves that (4.10) is onto.
The second part of the statement is then a consequence of Lemma[4.4] O

CoRroLLARY 4.6. The map
4.11) SU®n) x my 3 (x, X) — n(x - exp(X)) € SL,(C)/V,

where . SL,,(C) — SL,(C)/V is the projection onto the quotient, is onto. By passing to
the quotient, it defines a surjective smooth map

(4.12) SU(n) xvy, mo — SL,(C)/V,

where SU(n) Xy, mg is the quotient of SU(n) X mg modulo the equivalence relation

(x,X) ~ (x-u,u*Xu) for xe€SUn), X e myandu € V. O
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4.2 — Decomposition of K

Let V be a closed subgoup of the complexification K of a compact Lie group K,. We
can assume that in turn K is a linear subgroup of SL,(C), with K, = K N SU(n), and
Vo = VN SU(®n) a maximal compact subgroup of V. We obtain:

ProposiTion 4.7. With §, = mg N K, we have the commutative diagram with surjective
arrows

(4.13) Ky x fo Kq Xy, fo

~ 7

K/V,

where the horizontal arrow is the projection onto the quotient, the left one is obtained by
restricting @11)), and the right one by passing to the quotient.

We denoted by Ky Xv,fj the quotient of the product K X f, by the equivalence relation
(x,X) ~ (x - u, Ad(u=")(X)) for x € Ky, X € fy, and u € Vy. The right arrow maps the
equivalence class of (x, X) to 7(x - exp(X)) € K/V c SL,(C)/V.

Proor. It is sufficient to follow the proof of Proposition and check that, for € € K, we
obtain X € f, and x € K.
In fact, in this case, £*C = 7" exp(2X)z € KN ®y(n), with z € V, implies that exp(2X) =
71 Lzt e exp(mg) NK = exp(fy). O
We have the analogous of Proposition [4.5]

ProposiTion 4.8. The map
(4.14) Ko X foxV' 2 (u,X,v) — u-exp(X)-ve K

is always surjective and there is ry > 0 such that, for all 0 < r < ry, it is a diffeomorphism
of {IIX|| < r} onto a tubular neighborhood of My = Ko/ Vo in M_. O

It is known that the right arrow in @.13) is the Mostow fibration of K/V when V is
reductive (see e.g. [23]29]). We give here a simple proof relying on the preparation done

in {3
ProrosiTion 4.9. If'V is reductive, then the natural surjective map
(4.15) Ko Xy, fo » M- =K/V

is a diffeomorphism.
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Proor. In this case V, being algebraic and self-adjoint, has the Cartan decomposition
V = Vi x exp(v’), with v’ = v N py(n). By Lemma[3.2] the map

M 10" X9 2 (Z,H) — exp(Z") - exp(H) - exp(Z) € KN Py(n)

is surjective. Moreover, it is a local diffeomorphism at every point of v” X f. In fact, we

can reduce to prove this fact at points (0, H), where the differential at (Z, X) is J(1) for

J() = 0z + Jx € J(H). Then [|J(DI| = |IJ(0)]| = 2||Z|]| > O for Z # 0, while Jx(1) # 0 if

X # 0. Since K Npy(n) = v’ & fy, this proves that d\.(0, H) is a linear isomorphism. Thus,

being a connected covering of a simply connected space, A is a global diffeomorphism.
Hence, for every T € K, there is a unique pair (Z, H) € v’ X fy such that

T -C=exp(Z") - exp(H) - exp(Z);
then u = T - exp(-Z) - exp(—%H) € Ky and we obtain the direct product decomposition
(4.16) K =Ko - exp(fo) - exp(v"),
from which the statement follows. O

The complex K-homogeneous M_ of Proposition 4.9 corresponds to an M_ which is
the Stein complexification of a totally real Ky-homogeneous compact My. An Mj having
a positive CR dimension corresponds to a V having a nontrivial unipotent radical.

Before investigating cases where, even though v, # 0, is nevertheless a diffeo-
morphism, we observe that, when we know that decomposition @.10) is unique, we can
extract some extra information from the minimal distance characterization of z,z, in the
proof of Proposition 4.5] For instance, as a corollary of Proposition .5] we obtain the
following

ProrosiTion 4.10. For h € By(n), denote by D,(h) the minor determinant of the first €
rows and columns of h. Set Dy(h) = 1 and let 0 < h(h) < --- < A, (h) be the eigenvalues
of h. Then

@17)  dishe) = Y [log(he() = Y [1og(De(h)/Der ().
If h is not diagonal, we have strict inequality.

Proor. We take V equal to the group of unipotent upper triangular matrices in GL,(C).
The element & = ¢® € N, = {z*hz | z € V), with A € py, at minimal distance from e
satisfies trace([Z + Z*]A) = O for all nilpotent upper triangular Z and hence is diagonal.
The unique diagonal & = z*hz in N}, is the one obtained by the Gram-Schmidt orthogonal-
ization procedure. The proof is complete. O

The orbit of a point p € M, by the group of unipotent upper triangular matrices of
SL,(C) is an example of a horocycle of maximal dimension in a symmetric space of
noncompact type. We will generalize this situation while outlining a class of subroups V
for which Fjy = exp(fy) can be taken as the fiber of the Ky-covariant fibration.

Following [32, p.17], we call horocyclic in x the nilpotent subalgebras which are
nilradicals of parabolic subalgebras of k.
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Lemma 4.11. Let q be a parabolic subalgebra of s1,(C), with nilradical q,. Assume
that g N q* is a reductive Levi factor of q. Let H € q N po(n). Then, for Zy € qN q~,
T € Co(H) N qand Z, € q, the Jacobi vector fields J, = 0z + t07 and J, = 0z, are
orthogonal at all points of vy.

Proor. We show, separately, that 0, and O are both orthogonal to 0z, at all points of yg.
We have

(07(2)|0z,(t)) = trace(2Te " (e Z; + Z,e™)) = 2trace(TZ, + TZ}) = 0,
(02,(1)102,(1)) = trace((e ™ Z; + Zoe ™) Z, + Z;e™))
= trace(Zy (e Z,e ™) + 237 + ZoZ, + (€M Zoe ™) Z7) = 0

because g N ¢ and g, are orthogonal for the trace form of the canonical representation
of sl,(C). Indeed, The expression in the last line is twice the sum of the real parts of the
product of Zy and Z, and of e Z;e' € q N q* and Z,. o

ProrosiTion 4.12. If v, is horocyclic in x, then
(4.18) V' xfy3 W, H) — viexp(H)v € M(K) = 7(n) N K
is a diffeomorphism.

Proor. In fact, we can find a parabolic q in sl,(C) such that g N q* is its reductive Levi
factor and v, = g, N k. Then we can reduce to proving the proposition in the case where
K = SL,(C) and f, = mp. We want to show that {.8)) is a local diffeomorphism. To this
aim, with the notation of it suffices to prove that, for Z € v and H, X € my, we have
0z(1) # Jx(1) when Z + X # 0. We split Z into the sum Z = Zj + Z,, with Z; € v N po(n)
and Z, € v,. Then the fact that 0z,(1) + Jx(1) # 0if Zy + X # 0 follows from Lemma@
because of Lemma [4.1T] Hence @.8) is a connected covering of a simply connected
manifold and thus a global diffeomorphism. O

Proposition {.12] can be slightly generalized. It was shown in [22} p.251] that there
is a unique maximal complex Lie subalgebra w of k¥ with » € w C v + v. The CR-
algebra (1, v) and the corresponding Ky-homogeneous CR manifold M, are called weakly
nondegenerate when w = v. If this is not the case, M| turns out to be the total space of a
complex CR-bundle with nontrivial fibers over a weakly nondegenerate Ko-homogeneous
CR manifold M, having CR algebra (i, w).

ProrosiTion 4.13. Let w be the largest complex Lie algebra with v C w C v + 0. If
w, = n(w) is horocyclic in x, then @18) is a diffeomorphism.

Proor. As above, we reduce the proof to the case where K = SL,(C). The proof follows
the same pattern of the proof of Proposition d.12} We denote by ¢ a parabolic Lie sub-
algebra of sl,(C) with g, = w, and use the notation of We need to prove that, for
Z v = (vNpyn) ®v, and X, H € my, we have 0,(1) + Jx(1) # 0if Z+ X # 0.



Mostow’s fibration and CR manifolds 17

To this aim it is convenient to split Z into asum Z = U + W, with U € v’ N w N w and
W € q,. Let us consider first J = 0y + Jx. We note that J(0) = X + %[X, U-U*is
orthogonal to J(0) = U + U*. Indeed (X|U + U*) = 0 because w + W = v + 1 and, since
[U, U] € w N po(n),

(U+ U|[H,U - U")) = trace(([H,U — U*|(U + U")) = 2trace(H - [U,U*]) = 0.

By Lemma [3.2] this implies that J(1) # 0 if Z + X # 0. Finally, we note that 0y(0)
and Oy (0) are orthogonal to both J(0) and J(0) to conclude, using again Lemma that
J(D)+Jx(D)=JD)+Jw(l) #0when X +Z=(X+U)+ W #0.

This shows that (@.I8), being a connected smooth covering of a simply connected
manifold, is a global diffeomorphism. O

By using the argument in the proof of Proposition[4.9] we conclude:

THEOREM 4.14. Let w be the largest complex Lie algebra with v C w C v + 0. If

w, = n(w) is horocyclic in K, then @.15) is a global diffeomorphism and therefore we
obtain the Ky-equivariant Mostow fibration of M_ over M

(4.19) Ko xy, fp —————= M_
My

with Hermitian fiber. |

We keep the notation of and denote by w the largest Lie subalgebra of x with

(4.20) pCwCDo+0.

DeriniTioN 4.1. We say that (i, v) is HNR if w,, = n(w) is horocyclic.
For further reference, we reformulate the result obtained so far in the following form.

THEOREM 4.15. If (9, v) is HNR, then we have the direct product decomposition

4.21) K = K - exp(fy) - V. o

ExampLE 4.16. Minimal orbit of SU(2,2) in T1,2(C4)-
We fix in C* the Hermitian form associated to the matrix

")

We let the corresponding group SU(2, 2) operate on the flag manifold 7 ,(C*), consisting
of the pairs (£}, {,) of a line £; and a 2-plane £, withO € {; C £, C C* . The minimal orbit
is

My ={(t1,0) | €1 C & = {5,
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where the orthogonal is taken with respect to the fixed Hermitian form. It is the total
space of a CP'-bundle over a smooth real manifold and in particular is Levi-flat of CR
dimension 1. With Ky = S(U(2) x U(2)), K = S(GL,(C) x GL,(C)), the stabilizer

v={

of the base point pyp = ({e; + e3),{e; + e3,e + e4)) (here T;’(C) is the group of upper
triangular 2 X 2 complex matrices with non vanishing determinant and ST; (C) its normal
subgroup consisting of those having determinant 1) has Lie algebra

Lo

0 -A
A
0 -A

ac ST;(C)}

hoeCh.

D=

Clearly v, is not horocyclic. We note that

v 3

is a complex Lie algebra. Thus, although V is not HNR, nevertheless we have a Mostow
fibration with Hermitian fibers by Theorem [4.14]

Xe SIz(C)} =v

ReMARK 4.17. Example shows that (4.18) is not, in general, a diffeomorphism
when (i, v) is not HNR.

5. Mostow fibration in general and the HNR condition

5.1 — The set Py(v)

To better understand the notion introduced in Definition [£.]] and to characterize the
fiber of the Mostow fibration of M_ on M, in general, it is convenient to rehearse some
notions that were introduced in [1} §3]. We simply assume, at the beginning, that x is any
reductive Lie algebra over C.

For a Lie subalgebra a of «, let us denote by 1(a) the ideal consisting of the ady-
nilpotent elements of its radical. Starting from any splittable Lie subalgebra v of k¥ we
construct a sequence {v(;} of Lie subalgebras by setting recursively

(5.1) 0 =
o1y = Ne((vy)) = 1{Z € x | [Z, (o)) C n(opy)}, YR >0.

Each v, with & > 1, is the normalizer in k of the ideal of ad-nilpotent elements of
the radical of D(p—-1). It was shown in [1]] that Oy € Dae1) and TI(D(h)) - TI(D(h+1)) for all
h > 0, and that the union ¢ = |J;5ob@) is a parabolic subalgebra of x, with v C ¢ and
n(v) = v, C n(e). We call e the parabolic regularization of v. Hence

5.2) P(v) = {q | g is parabolic in kK and v C g, () C n(q)}
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is nonempty. Let us prove a general simple lemma on parabolic Lie subalgebras.

LemmMma 5.1. If a1, gz are parabolic Lie subalgebras of x, then the Lie subalgebra q =
a1 N g2 + n(qy) is parabolic in .

Proor. We know (see e.g. [6, Ch.VIIL,Prop.10]) that q; N g, contains a Cartan subalgebra
h of x. If R is the corresponding set of roots, then each g; (i = 1,2) decomposes into a
direct sum

qi = b@z aer, Ko
a(A)=0

where A1,A; € br and, foreacha € R, x, = {Z € x| [A,Z] = a(A)Z, YA € b} is the
root space of a.
Take € > 0 so small that € - |a(Ay)| < a(Ay) if a(A;) > 0. Then

q= b @ Z 0€ER, Kas
(A +€Ar)>0

is parabolic. In fact, if £(q;) are the h-invariant reductive summands of g; and n(q;) the
ideals of nilpotent elements of their radicals, we have

a = (2(a1) N L)) & (Lla) N n(a2)) & n(ar). =

(From now on we assume that « is the complexification of its compact real form x.
Conjugation in x will be understood with respect to K, . Using parabolic regularization
and Lemma[5.T] we obtain

ProposiTion 5.2. If (g, v) is n-reductive, then *B(v) contains a q having a conjugation-
invariant reductive Levi subalgebra.

Proor. We can take q = (e N ¢) + n(e), for the parabolic regularization ¢ of v. O
This shows that, for an n-reductive (o, ), the set
(5.3) Po(v) = {a € B) | a=(anq) &n(q)}

is nonempty. For q € Py(v) we will use £(q) = qNq. The parabolic regularizazion
produces a small ¢ and a corresponding smaller (e N ¢) & n(e) in Po(v). We are however
more interested in the maximal elements of B(v). To explain the meaning of maximality,
we prove (cf. [1, Proposition 20])

ProposiTioN 5.3. If (Ko, v) is n-reductive and o any maximal element of By (v), then
(54) q = Lie(n(0) + £@) and n(@) =Y ad" (L)1)

Proor. Let q € By(v) and denote by 3 the center of £(q). Being invariant under conjuga-
tion, it is the complexification of the Lie subalgebra 3, of a maximal torus t, of 1. Set
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3r = i30. Following the construction of Konstant in [18]], we consider the set Z consisting
of the nonzero elements v of the dual 3; for which

K ={X ex|[Z X] =v(2)X, VZ € 3z} # {0}.
This set Z shares many properties of the root system of a semisimple Lie algebra. With

the scalar product defined on 33 by the restriction of the trace form of a faithful linear
representation of K and the corrisponding dual scalar product on 33, we have

@) veEZz=— -veZ and K, = K_,,

(i) V1,V2, VI + V2 € 2= [Ky,, Ky, | = Ky 4v,,

(iii) Vi, V2 € Zand (vi|vy) >0 = v| — v, € Z,

(iv) Vv € Z, K, is an irreducible £(g)-module,

v) n(q) = Zv>o Ky, for some lexicographic order in 2z,

(vi) 3 abasis {wy, ..., s} € Zof positive simple roots of 3.

The Lie subalgebra Lie(n(v) + £(q)) is contained in q and is a direct sum
1 —
Lie(n(v) + £() = L@ & Y,

for a subset £ of 2" = {v > 0}. Assume that there is a positive simple root u; which does
not belong to £. Since ; is simple, g = q @ x_, is still a parabolic Lie subalgebra. Let
us show that it is an element of Ly (v). We have

"= (¢ ’, ith @) =2 . W d "= v

¥ = €@ @), with €)= L@@ K, Ky, ad W)=

Note that £(¢") = ¢’ N §’. An element X € n(v) can be written in a unique way as a sum
X = YeeXy with X, € x,. Then X € n(q’), because £ c z* \ {u;}. This shows that
(o) C n(q’), i.e that ¢ € Py(v). Thus, if q is maximal in Py(v), then Lie(n(v) + L(q))
contains all x,, fori = 1,...,¢ and thus is equal to g, because (ii) and the fact that every
positive root is a sum o simple positive roots yield that Lie(}};_; k,,) = n(q). Finally, it
follows from the discussion above that n(q) is the ad(£(q))-module generated by n(v). O

Analogously, we obtain
ProrosiTion 5.4. If q is any maximal element of (), then
(5.5) q = Lie(n(v) + £(9)),

for any reductive Levi factor £(q) of q, and n(q) is the ad(L(q))-module generated by
n(v). ]
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5.2 — A remark on the HNR condition

Assume that (i, v) is n-reductive and let Q be the parabolic subgroup of K corre-
sponding to a g in Py(v). Let Q,, be the unipotent radical of Q and set V' =V - Q,,.. Then
V' NV = VNV and therefore the minimal Ky orbits in M_ = K/V and M’ = K/V’
are diffeomorphic as Kyg-homogeneous manifolds: the CR algebras (i, v) and (kp, v + q;,)
define two CR structures on the same My = K(/Vy, the latter being stronger than the first.
These are the CR structures inherited from the embeddings My — M_ and My — M’.
Note that M’ is the basis of a complex fiber bundle M_ — M’ , with Stein fibers bi-
holomorphic to Ck for some nonnegative integer k (cf. [1, Thm.30]). The choice of a
maximal g in By(v) leads to a minimal v + q,, while a minimal g € Py(v) to a maximal
v + q,, defining, when (i, v) is not HNR, a maximal Ky-homogeneous CR structure on
M, which is HNR and stronger than the original one.

EXAMPLE 5.5. Minimal orbit of SU(2, 3) in %, 3(C°).

We denote by ?1’3(C5 ) the flag manifold consisting of the pairs (£;, £3) of a line ¢, and
a 3-plane £3 of C° with 0 € £; C £3. We fix the Hermitian symmetric form of signature
(2,3) in C", corresponding to the matrix

")

and consider the minimal orbit for the action of the real Lie group SU(2, 3) in ?1,3(@5 ):
My = {(61,63) € Fi3(C°) | €4 C b5 C £3).

Fix on M, the base point py = ({e; + e3),{e1 + e3, e + es, es)). Its stabilizer in K is

Mooz
0
V= M 0 zi||MzeC A A -h=1y,
0 7\3 22
0 0 N
with Lie algebra
Mooz
0 M
D= )\,1 0 z }\.,',Z,'EC, 27\,1+2}\2+7\.3=0 .
0 7\.3 22
0 0 N

The normalizer of v, in ¥ is the parabolic

Moz
0 N s
q= Moo 22 ||M,zi, 0 €C, Zizlki =0¢,
a Moz
0 0 As
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which is also a maximal element in 3 (v) and hence (s(1(2) X u(3)), o) is not HNR.
The Lie algebra

Mooz
0 M
f=v+q,= M 0 z2||Az€eC, 20 +M)+A3=0
0 )\3 33
0 0 M\

is the Lie algebra of the stabilizer V in K = S(GL,(C) x GL3(C)) of Py € 71‘2’4(C5 ) for
p{) = ((e; + e3),{e1 + e3,e4),({e1,e3,e4,er + es5)). This corresponds to the intersection of
the SU(2, 3)-orbit

M, = (6,62, 64) € F124(C) | €1 = LN Ly, dim(ly N E7) = 1)
with its Matsuki dual K-orbit M’ . With L, = (e, e;) and L3 = {es, e4, e5), we have

, (61,62, Ls)
M- = 5
€ F124(C)

dim(¢; N L) =0, dim(£; N L3) =0, dim({, N Ly) =0,
dlm(fz N Lg) = 1, d1m(€4 N Lz) = 1, d1m€4 N L3 =2 ’

This shows that, in this case, the strengthening of the CR structure on M, corresponds
to considering the compact intersection with its Matsuki dual of an intermediate orbit in
some complex flag manifold of the same complex semisimple Lie group (in this case of
SLs(C)).

ProposITION 5.6. Assume that (K, v) is n-reductive. Then, if w is a complex Lie sub-
algebra of x with v C w C v ® D, then also (Ky, w) is n-reductive.

Proor. The reductive Lie group x has an invariant nondegenerate bilinear form 3, which
is real and negative definite on K, . We observe that, if the pair (x, ) is n-reductive, then
v, = vNo*, where vt ={Z € x| B(Z,Z") = 0, YZ' € v}, and that v + D has the direct sum
decomposition

D+D=0DD,.

If w is a complex Lie subalgebra with v € w C v + v, then w = v @ (w N v,). Since P
defines a duality pairing between v, and v,, we obtain the decomposition

w=(wNwew, with w,=19,N(WND,)", WmN®W=(®ND)® (v, NP (v, N W),
showing that also (i, w) is n-reductive. O

RemMark 5.7. If (kg, ) is n-reductive, then v is the Lie algebra of an algebraic Lie
subgroup V of K. This is the content of [1, Thm.26]. In particular, all Lie subalgebras w
with » € w C v + v are Lie(W) for an algebraic Lie subgroup W of K.

ExampLE 5.8. Minimal orbit of SU(2, 3) in fl,z(CS).
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We partly use the notation of Example [5.5] Denote by M, the minimal orbit of
SU(2, 3) in the flag fl,g(CS ) of nested lines and 2-planes.

Mo ={(t1,62 € Fio(C) | 6 C by}

is a CR manifold of type (3,4). It is the total space of a CP!-bundle on the CR manifold M
of isotropic 2-planes in the Grassmannian grz(C4), which has type (2,4). The stabilizer
V of the base point py = ({e1 + e3),{e; + e3, e2 + e4)), has Lie algebra

Mooz
0 % Az i,z € C
b= 1 A 22 .
0 7\42 Z 27\.1 + 2)\2 + 7\,3 =0
0 0 23
The largest q € Po(v) has
0 z
0 0
G = 0 2 z3||z€eC
0 0 z4
0O 0 O

and hence (s(s1(2) x su(3)), o) is not HNR. We note however that

MG
L A Ai, G,z €C _
o AR PN RTT S
L oM on 1+t iy =
0 0 M

has a horocyclic w,,. The orthogonal mj of v + v in s(p(2) X p(3)) is

o -

and, according to Theorem it can be used to describe the typical fiber of the Mostow
fibration M_ — M, in this case.

X e D(Z)}

5.3 — Decomposition of unipotent Lie groups

A unipotent Lie group is a connected and simply connected Lie group N having a
nilpotent Lie algebra n. Then the exponential map exp : n — N is an algebraic diffeomor-
phism and each Lie subalgebra e of 1 is the Lie algebra of an analytic closed subgroup E
of N.
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ProprosiTION 5.9. Let N be a unipotent Lie group and S a group of automorphisms of
its Lie algebra n, which acts on n in a completely reducible way. If E a Lie subgroup of N
with an S-invariant Lie algebra ¢, then we can find an S-invariant linear complement | of
e in n such that

(5.6) [IXE> (X, x) — exp(X)-xeN
is a diffeomorphism onto.

Proor. We argue by recurrence on the sum of the dimension n of n and the codimension
k of ¢ in n. The statement is indeed trivial whenn = 1, or k = 0. If £ = 1, then ¢ is an ideal
in n and has a 1-dimensional S-invariant complement [ in 1. Since [ is a Lie subalgebra,
using e.g. [30, Lemma 3.18.5] we conclude that (5.6) is a diffeomorphism in this case.

Assume now that k£ > 1 and that the statement has already been proved for subalgebras
e of codimension lesser than k or nilpotent Lie algebras n of dimension lesser than n. Since
n is nilpotent, its center ¢ has positive dimension and is S-invariant. If ¢ N e # {0}, then
A = exp(c N e) is a nontrivial normal subgroup of N. Since dim(N/A) < n and S acts
in a completely reducible way on n/(¢ N ¢), by the recursive assumption we can find an
S-invariant linear complement [ of ¢ in n such that, for its projection I in 1/(¢ N ¢), the
map

S UX(E/A) > (X, X)) — exp(X’) - x € N/A

is a diffeomorphism. This implies that is also a diffeomorphism. In fact, if T € N, by
the surjectivity of f” there is a pair (X, y) € [XE such that exp(X)-y = C-a, for some a € A.
This shows that § = exp(X) - (y - a~!) and therefore (5.6)) is onto. If ¢ = exp(X;) - (x1) =
exp(Xz) - (x2) - a, with X1, X> € [, x;,x, € Eand a € A, then X; = X, = X because
the projection [ — I’ is a linear isomorphism. Moreover, the correspondence { — X is
C*®-smooth, because f'~! is smooth. Then T — x = exp(—X) - C € E is also smooth, and
T — (X, exp(—X)T) yields a smooth inverse of (5.6).

If ¢ n e = {0}, then by the recurrence assumption, we can take an S-invariant linear
complement [ of e in n containing ¢ and such that

f /X (E-C)/C) > (X', x') — exp(X) - x" € N/C.

is a diffeomorphism. We claim that, with this choice, @ is a diffeomorphism. Indeed,
(E-C)/C ~ E and therefore for T € N there is a unique x € E, with x = ¢(T) for a smooth
function ¢ : N — E, such that, for some Z € cand Y €,

C-expZ)=exp(Y) - x=>C=exp(Y-2) - x.

The exponential is a diffeomorphism of 1t onto N. If we denote by log : N — n its inverse,
we obtain X = ¥ — Z = log(€ - x!) € [and

N5 — (log(C- [9(©1™), §(©)) e [XE
is a smooth inverse of (5.6). This completes the proof. O

With the notation of the previous section, we will apply Proposition [5.9]to the case
where N = Q,, and n = g, for a minimal q € By(w), while ¢ = v, and S = Ad(Vy). Since
V) is compact, its adjoint action on g, is completely reducible.
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5.4 — Structure of the typical fiber

The quotient K/Q of K by a parabolic subgroup Q is compact and thus a homoge-
neous space of its compact form K. Thus

(5.7 K=K Q.

Set x = Lie(K), g = Lie(Q), and choose K to contain a maximal compact subgroup of Q.
Then Q has a Levi-Chevalley decomposition Q = L(Q) - Q,,, whose reductive factor L(Q)
has Lie algebra £(q) = q N q. The conjugation is taken with respect to the real compact
form xy and Q, is the unipotent factor of Q, with Lie algebra q,. We consider the Cartan
decomposition ¥ = Ky @y, With py = i - Ko . Using the Cartan decomposition of L(Q), we
obtain the direct product decomposition

(5.8) Q = L(Q) - exp((a)) = Lo(Q) - exp(pg Na) - exp(i(a)).

We keep the notation of the previous sections, with w the maximal complex Lie sub-
algebra with v C w C v + v and take q in Po(w). Then ¢ = v + g, is a Lie subalgebra of «
and the pair (o, ¢) has the HNR property. Set

(5.9) fo =10 N (0+a.)"
By @.21)), we obtain the direct product decomposition
(5.10) K =Ky - exp(fo) - exp(v, + a,) - exp(v N po).

We use Propositionto decompose exp(v, +4,) : we can find an Ad(V)-invariant linear
subspace [ of (v, + q,) such that v, + q, =@ v, and

(5.1D) [®v,>X,Y) — exp(X)-exp(Y) € V,, - Q, = exp(v, + q,)
is a diffeomorphism. We obtained:

TueoreM 5.10. Let §y and | be defined by (5.9) and (53.11). Then we have a direct
product decomposition

(5.12) K =Ko - exp(fo) - exp() - V',

where V' = exp(v,,) - exp(d N pg).
Then Fy = exp(fy) - exp(l), with the adjoint action of Vy, is the typical fiber of the
Mostow fibration:

(5.13) M_~K/V =K XV, Fy. O
Lemma 5.11. IfN is a unipotent subgoup of K, then, for every p € ®y(n), the map
(5.14) Nsz—'pzeN,={pzlzeN}

is a diffeomorphism.
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Proor. In fact the stabilizer Stab(p) of p for the right action
K X 2(x) 3 (z,x) = 2" - x - 2 € Po(x)

of K on 2y(x) is a compact group and hence has trivial intersection with N. Thus (5.14)
is a diffeomorphism with the image, being the restriction to N =~ N/{ek} of the diffeomor-
phism K/Stab(p) — B(x). O

CoRrOLLARY 5.12. Fix q € PBo(w) and let Ty and | be the corresponding subspaces of x
of Theorem[5.10} Then the elements X € fy and Z € | of the decomposition

C=u-exp(X)-exp(Z)-v, with ueK veexp(,)-exp(vN py)

are obtained in the following way:

(a) [0,1] 3 t — exp(2tX) is the geodesic in Py(K) joining ex to the unique point py of
1\7@*.; ={z"-T"-C-z|z€V-Q,}at minimal distance from ex;

(b) Zis the unique element of L such that exp(Z*)-po-exp(Z) belongs to Np, = {z"-po-z |
z€V}L

Proor. Indeed the Mostow fibration of M’ = K/(V-Q,) can be taken to have a hermitian
typical fiber exp(fy) and correspondingly we obtain a unique decomposition

C=u-exp(X)-E-exp(Y) with E€Q,and Y € v N py,

The characterization of X coming from the proof of Proposition yields (a).

Next we consider pg = E* - exp(2X) - € = € - p - €. By Lemma5.11]and the choice
of [ we know that the element pe of {z* - py -z | z € Q,} uniquely decomposes as a product
w* - exp(Z¥) - po - exp(Z) - w with w € V,, and Z € [. This completes the proof. O

6. Application to Dolbeault and CR cohomologies

The cohomology groups of the tangential Cauchy-Riemann complex on real-analytic
forms on M is the inductive limit of the corresponding Dolbeault cohomology groups
of its tubular neighborhoods in M_. We know by [[13]] that in some degrees these groups
coincide with those computed on tangential smooth forms or on currents. We will employ
Andreotti-Grauert theory to compare the tangential CR cohomology on M, with the cor-
responding global Dolbeault cohomology of M_. To this aim we will use the Mostow
fibration M_ — M, to construct a non negative exhaustion fuction for M_, vanish-
ing on M), and having a complex Hessian whose signature reflects the pseudoconvex-
ity/pseudoconcavity of M. In this way we prove relations of the CR cohomology of M
with the Dolbeault cohomololy of the K-orbit M_, similar to what J.A.Wolf did in [27]]
for the relationship of the open orbits M, of a real form Gy of a complex semisimple Lie
group G in a flag M of G with the structure of their Matsuki duals M_ = My, which in
this case are compact complex manifolds.
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6.1 — An Exhaustion Function for M_

In [12] H. Grauert noticed that a real-analytic manifold admits a fundamental systems
of Stein tubular neighborhoods in any of its complexifications. In fact, a homogeneous
analogue of Grauert’s theorem is the fact that the complexification K of a compact Lie
group Ky is Stein, and the isomorphism provided by the Cartan decomposition

Ko xf 3 (xX) — x-exp(iX) e K
also yields the exhaustion function
K 3 x-exp(iX) — |IX|” = —£(X, X) € R,

which is zero on K, positive on K\ Ky and strictly pseudo-convex everywhere. Here and
in the following we shall denote by K both the negative definite invariant form of a faithfull
unitary representation of f; and its C-bilinear extension to k. When ¥ is semisimple, the
adjoint representation is faithful and we may take as £ the Killing form.

We proceed in a similar way to construct an exhaustion function on M_ for the canon-
ical embedding M, < M_ of a n-reductive Ky-homogeneous compact CR manifold M.
We use the notation of the previous sections.

Assume that the pair (K, v) is n-reductive and HNR. We already noticed that the last
condition is natural if we consider on My maximal Ky-invariant CR structures. Then, by
Corollary [5.12] we have a direct product decomposition

(6.1) K = Ko - exp(fo) - exp(vy) - exp(v N po)
with py = ixg and fy = (0+D)=Npy . Moreover, the exp(fy)-term in (6.1)) is characterized

by

62) {if C=u-exp(X) v, with uecKy Xef,andveV,then

Xl = L distC*G, N), for N = (v"-v|ve V) c Rx).

This is indeed a consequence of Corollary [5.12] when [ = {0}.
By passing to the quotient, the map

Ko x fo 3 (x, X) — [IXI = KX, X) € R.
defines a smooth exhaustion function (as usual square brackets mean equivalence classes)
(6.3) ¢ M_ ~XKq xy, fo 3 [x, X] — [IX|? € R.
We have:

LemMa 6.1. If (ko, ) is n-reductive and HNR, then the map ¢ of (6.3) has the prop-
erties:

1) peC®(M_,Ryand p >00n M_;
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() ¢7'0)=Moanddp #0if ¢ >0 ;
(3) ¢ is invariant under the left action of Ko on M_ :

¢(x-p)=d(p), YpeM_, VYxeKo. O
NoratioN 6.1. The level and sublevel sets of ¢ will be denoted by

(6.4) O . ={peM_|dp(p)=c)eM_ and Q.={peM_|d(p) <c}

6.2 — Ky-Orbits in M_

The level sets @, are foliated by Kg-orbits. Since all points of M_ have representatives
of the form x - exp(X) with x € Ky and X € f,, then every Ky-orbit intersects the fiber F
over the base point py at a point py = [exp(X)], for some X € f;,. An x € K stabilizes
px if and only if x - exp(X) is still a representative of py, and this, by the equivalence
relation defining Ky Xy, fo, means that x € Vy and Ad(x)(X) = X. Indeed the equation
xexp(X)z = exp(X) with z € V implies, by the uniqueness of the Mostow decomposition,
that z = x™! € V and xexp(X)x~! = exp(Ad(x)(X)) = exp(X), yielding Ad(x)(X) = X.

Thus the Ky-orbit

(6.5) My = {x- px = [x-exp(X)] | x € Ko}

in M_ through py can be identified with the homogeneous space Ky/Vx, where
Vx ={x € Vo[ Ad)(X) = X},

is the stabilizer of py in K. It is a closed Lie subgroup of K, with Lie algebra
oy ={Y € vy | [¥,X] =0}

Lemma 6.2. My is a compact Ko-homogeneous CR-manifold with CR-algebra ( ko, Ad(exp(X))(v))
at px = [exp(X)]. O

ReEmARK 6.3. In general, Mx may not be diffeomorphic to My. Indeed, M is a minimal

Ky-orbit in M_ and My is diffeomorphic (and CR-diffeomorphic) to My if and only if My
and M, have the same dimension.

For X € fj, the left translation M_ 3 p — exp(X) - p € M_ is a biholomorphism of
M_ which transforms M, onto a CR-diffeomorphic submanifold

(6.6) My = exp(X) - M.
Lemma 6.4. For X € fy, we have

(6.7) My (¢ < IXIP} = Q.
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Proor. Let: K> T — [C] € K/V =~ M_ be the canonical projection. Any point of M
is m(u) for some u € Ky and then the points p of My have the form p = exp(X)n(u) =
m(exp(X) - u). Set T = exp(X) - u. We know that ¢(p) is the square of the half-distance in
Py(K) from the base point ek to

Nee = {v"-0"-C-v|ve V]

Since the point (T*C) belongs to N¢-.c and has distance 2||X|| from ek, (in factt — u*-exp(2tX)-u
is the geodesic joining ex to (T*-0)), it follows that ¢(p) < [|IX|P. o

‘We summarize:

ProposiTiON 6.5. Let ¢ > 0. Then

(6.8) O, = U xeip, Mx (disjoint union), My C {p < ||X||2}, VX efy. o
IXIP=c
In particuar, for ¢ > 0, we can draw through each point of @, a translate 1\71;(_ of My,
which is CR-diffeomorphic to M, and tangent to @, from inside, i.e. lying in Q.. This
means that the boundary U, of Q. is at each point less convex than M.

6.3 — Application to Dolbeault and CR Cohomologies I

By Andreotti-Grauert theory (see [4]) we know that for every coherent sheaf # on an
r-pseudoncave complex manifold X we have

H/ (X, F) <o, ¥ <r—hd¥F),

where hd(%) is the homological dimension of 7.
We obtain the following:

THEOREM 6.6. Let My be a compact n-reductive homogeneous CR manifold, with
(0, v) HNR and canonical complex embedding My — M_.

If My is an r-psudoconvave CR-manifold, then M_ is an r-pseudoconcave complex
manifold and for every coherent sheaf ¥ we have

(6.9) dim (H/ (Mo, F) ~ H/(M_, F)) < 00, Vj < r—hd(F).
In particular,
(6.10) dim (H”/(My) ~ HPY(M_)) < 00, Vj<r.

Here we used the notation H?/ for the d and d,-cohomologies on forms of type
(p,*). Because of the validity of the Poincaré lemma in degree j, for 0 < j < r (see
[23]]), they coincide with the Cech cohomology with coefficients in the sheaf of germs
of CR or holomorphic p-forms. Moreover, in this range, the tangential Cauchy-Riemann
complexes on currents, C*-smooth forms and real-analytic forms on M, have isomorphic
finite dimensional cohomology groups.



30 S. Marini - M. Nacinovich

Proor. By the HNR assumption, the exhaustion function ¢ in (6.3)) is well defined. Then
to verify we can apply Andreotti-Grauert’s theory, after showing that, for ¢ > 0, each
subdomain Q. = {¢ < c} is r-pseudoconcave. To this aim, we prove that the complex
Hessian of ¢ admits at least r negative eigenvalues on the analytic tangent to @, = 9Q,.
By exploiting the Ky-invariance of ¢, we can, without any loss of generality, restrict our
consideration to points pg = [exp (X)] € D,, with IX|> = c € R. We may consider (0, 1)-
vector fields which are tangent to the submanifold My, defined in (6.6) and that are also
tangent to 9Q, at po, because My is tangent to @, at py. By Lemm My is contained
in ﬁc ={p <X II”}. Since My is CR-diffeomorphic to My, it is r-pseudoconcave. Being
Myx C Q., the restriction of the complex Hessian of ¢ to the analytic tangent to My at
Po has at least as many negative eigenvalues as the Levi form of My in the codirection
Jdo([exp(X)]), which, by the assumption, are at least r. This completes the proof. O

6.4 — Application to Dolbeault and CR cohomologies Il

In this section we want to exploit the amount of pseudo-convexity of the exhaus-
tion function ¢. We keep the assumption that (ky,v) is n-reductive and HNR and set
qa=1{Z ex|[Zv,] Cv,} for the maximal parabolic subalgebra in P,(v). We recall that
v, = q, is the nilradical of g. Let Q be the parabolic subgroup of K with Lie(Q) = q and
Q, its conjugation-invariant reductive factor. Let @ : K — M_ = K/V be the quotient
map. The image of Q, by @ is a Q,-homogeneous complex submanifold Q_ of M_.

LemMma 6.7. For every X € §y, the CR manifold Mx and the complex manifold Q_ are
transversal at px and their analytic tangent spaces at px are orthogonal for the complex
Hessian of ¢.

Proor. The pull-backs of T,?’Xl My and T,?’Xl Q- to the base point p( by the bi-holomorphic
map p — exp(X) - p are, respectively, v, and q,/(v N v). This is a consequence of the
fact that X € q,. The statement follows from the fact that g, = @, and [q,,v,] C v,

[qr’ I_)n] - ﬁn- D

THEOREM 6.8. Let My be a compact n-reductive homogeneous CR manifold of type
(n, k), with (x9, v) HNR and canonical complex embedding My — M_.

If My is an r-psudoconvave CR-manifold, then M_ is n — r-pseudoconvex complex
manifold and for every coherent sheaf ¥ we have

(6.11) dim (H/ (Mo, F) =~ H/(M_,F)) < oo, Vj>n—r.
In particular,
(6.12) dim (H?/(My) ~ HPY(M_)) < 00, Vj>n—r.

Proor. By [[13] Theorem 2.1], under the r-pseudoconcavity assumption, the tangential CR
cohomology groups on My are the inductive limits of the corresponding groups of sheaf
and Dolbeault cohomology of the tubular neighborhoods of M in M_. While computing
the Levi form of ¢, it suffices to note that its restriction to Q_ is strictly pseudo-convex,
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since it is the exhaustion function associated to the canonical CR-embedding My N N_ —
N_ of a totally real (K¢ N Q,)-homogeneous manifold. Indeed, by [5, Theorem 4.1], the
distance from the totally geodesic submanifold N’ = {C*C | € € V N Q,} in the negatively
curved space M’ = Q,/(Q, N Kp) is strictly convex on M’ \ N’, and ¢|y_ pulls back on
Q) to the composition of T — T*C with the square of the distance from N’.

Hence, for X # 0, the complex Hessian of ¢ restricts to a Hermitian symmetric form
having, by Lemma|6.7} at least » + k — 1 positive eigenvalues on the analytic tangent of
O, at py.

The thesis is then a consequence of the isomorphisms proved in [4} §20]. m]

ExampLE 6.9. Fix integers 1 < p < g < n and consider the real action of SL,,(C)
on the Cartesian product grp(C”+1) X grq(C”“) of the Grassmannians of p and ¢ planes,
described by

a- Ly, by) = (a(ty),a(ty)), ¥ a€SLyy(C), £, € Gr,(C"™), £, € Gr,(C™).

The orbits of the_real form Gy = SL,;(C) are parametrized by the dimension of the
intersection £, N £, : with kg = max{0, p + g — n — 1} we have the orbits

M. (k) = {(£,. £g) € Gr,(C™") X Gr,(C™") | dimc(€, N €g) =K}, ko <k < p.

The complexification K = SL,;;(C) of the compact form Ky = SU(n + 1) acts on
Gr,(C"™1) x Gr,(C™") by

a- (L, ty) = (alty),"a™'(€,)), Ya € SL,1(C), €, € Gr,(C™), €, € Gr,(C™).

Consider the polarity Gr,(C"*") 3 ¢, > € € gr,,,_,(C""") defined by the symmetric
bilinear form

b, w) = (Tw)-v =YL viw;.
Then the orbits of K in grp(C"“) X grq(C””) are parametrized by:

M_(k) = {(€p. ) € Gr,(C"™) x Gr(C™") | dime(€, N €)) = p—k}, ko <k < p.

The manifolds M. (k) and M_(k) are Matsuki-dual to each other. In fact, since SU(n + 1)
preserves Hermitian orthogonality in C"*! and ¢, and 52 are Hermitian orthogonal in C"*!,
the pair (£,, {;) belongs to Mo(k) = M, (k) N M_(k) iff

€y = (L, NE)® (L, N L), and either dim(£, N £y) = k, or dim(€, N ) = p — k.

Setny =p—k,ny=k,n3 =n+1+k—p—gq,nyg =q— k. Then, taking as base point,
with obvious notation, py = (C" &C™,C" @ C™), the stabilizer of py in K = SL,.1(C)
has Lie algebra

Z1y Zip Ziz Zig
0 Zy, 0 Zp4
0 0 Zzz Zza
0 0 0 Za

Zi,j € C" ¢ N sl11(C).
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Indeed, in the block matrix Z = (Z; )1« j<s sSe have Z3 | = 0,735, = 0,241 = 0,242 =0
because Z({ey, ..., ep)) C{ey,...,ep,). Moreover, the inclusion
TZ(C @ C™) c C™ @ C™ is equivalent to

Zvw 2, 0 0\(0 0
Zi1» 2, 0 0 ||X2] Y2
Zi5 "Zhs Zyz "Ziz|| OO
Zia "Zou Zza TZas)\Xu Y,

y VXQ € an, X4 € C’u,

and this yields Z,; = 0, Z3 = 0, Z43 = 0. The compact CR manifold My(k) has CR
dimension equal to v = (nyny +nn3 +nyng +nyng +n3ng) and CR-codimension d = 2nyn;.
The case k = ko, where n3 = 0, is the one where v is parabolic, and My(kg) = M_(ko) is a
complex flag manifold. In general, (i, v,) is HNR because

0 Zip Ziz Zig
0 0 0 Zy
0 0 0 Zy
0 0 0 0

v, = Zi,j e C" ML N BI,H_](C)

is the nilpotent radical of

Zin Zip iz Zig

=ilo T T Gijmee
0 0 0 Zy
Then
0 0 0 0
(6.13) fo=mp = 8 _35’3 Z(z)’3 8 Z2,3€C"2X"3 ~ CmXns

0 0 0 0

The CR algebra (xg,v) is weakly degenerate when k < p and strictly nondegenerate,
according to [22], when k = p. The vector valued Levi form is

(Z12:213, 214,204, 234) = Z1 1215+ ZpuZsy

and hence all the nonzero scalar Levi form have a Witt index equal to u = (n;+n4) =
(p—k)+(g—k) = p+q—2k. The complex manifold M_(k) has dimension N = nyny +nns +
ning +npn3 +nyng + n3ng and, according to Theorems@]and@]is u-pseudoconcave and
(v — w)-pseudoconvex.

6.5 — Application to Dolbeault and CR cohomologies III

In this section we extend Theorem[6.6]to the case where we do not assume that (Ko, v)
is HNR. To this aim we utilize an r-pseudoconcave exhausting functions which is only
continuous (see [9, 10, [16} 28]). Namely, we will consider the function

(6.14) ([C]) = dist*(T'T, N), for € € K,
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where N = {v*v | v € V} as in (#.3)) and [C] is the element of M_ = K/V corresponding to
CeK.

We recall that a continuous function ¢, defined on a complex v-dimensional manifold
M_, is said to be weakly r-pseudoconcave if, for every point p € M_, we can find a
coordinate neighborhood (U, z), centered at p, such that, for every (v —r + 1)-dimensional
linear subspace ¢ of C", for every coordinate ball B € U and vy plurisubharmonic on a
neighborhood of B, with ¢ > y on £ N 8B we also have ¢ > yon £ N B.

We say that ¢ is strictly r-pseudoconcave if, for each p € M_, we can find an open
coordinate neighborhood (U, p) centered in p and an € > 0 such that ¢ + €z|? is weakly
r-pseudoconcave in U.

By Bungart’s approximation theorem ([9, Theorem 5.2]) strictly r-pseudoconcave
functions can be uniformly approximated on compacts by piece-wise smooth strictly r-
pseudoconcave functions. Thus (see e.g. [2, Chapter IV]) we can still apply the Andreotti-
Grauert theory when we have a strictly-r-pseudoconcave exhaustion function which is
only continuous.

Our application relies then on the following lemmas.

LemMA 6.10. Let ¢ be a continuous exhaustion function on M_ and assume that, for all
c>0and pye ®. ={p e M_| b(p) = c} there is a germ of CR generic r-pseudoconcave
CR submanifold My(po) of M_ through py with My(po) C {¢, < c}. Then ¢ is weakly
r-pseudoconcave.

Proor. We argue by contradiction, assuming that, for every coordinate neighborhood
(U, 7) centered at a point py € M we can find a (v — r + 1)-dimensional linear subspace
¢ of C" and a plurisubharmonic v, defined on a neighborhood of the closure B of a coor-
dinate ball in U, and a point p; € £ N B where ¢(p;) < w(p;), while ¢(p) > y(p) for all
p € 0BN{. Clearly the same condition is satisfied by any linear (v—r+1)-plane sufficiently
close to £, so that we can assume that £ intersects My(p;) transversally. The intersection
My(p1) N € is then a 1-pseudoconcave CR submanifold of ¢, but the restriction of v to
¢ N My(p1) N B contradicts then the maximum principle, since takes at the interior point
p1 a value larger than the supremum of the values taken on the boundary £ N My(p;) N B
(see e.g. [15]]). The contradiction proves that ¢ is weakly r-pseudoconcave. O

Lemma 6.11. The exhaustion function ¢ defined by (6.14)) is strictly r-pseudoconcave
on M_\ M,.

Proor. By Proposition[4.8] there is ¢y > 0 such that ¢ is strictly r-pseudoconcave when
0 < d(p) < c%, since, by [16, Lemma 2.6], for a smooth function the notion of strict r-
pseudoconcavity coincides with the requirement about the signature of its complex Hes-
sian.

For T e K, we can consider the function ¢:(p) = o€ - p), which is continu-
ous and weakly r-pseudoconcave on M_ \ (T - My) and strictly r-pseudoconcave when
it takes positive values smaller than cj. Let pg € M_ with ¢(pg) > ¢} and fix a rela-
tively compact coordinate neighborhood (U, z) in M_, centered at py. We can assume,
for a fixed & with 0 < 28 < ¢, that U C {p | |p(p) — d(po)| < 8%}. We observe that
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®(p) = infyen=o(po-s( VO + y/bc(p))*. The functions p — ne(p) = (V& + y/be(p)?,

when ¢(C) = (po) — &%, are uniformly strictly r-pseudoconcave on a neighgorhood of
U. Thus, for a small € > 0, the functions ¢ + €z — zo/?, for ¢(T) = d(po) — 82, are still
r-pseudoconcave on U. Passing to the infimum, we deduce, by using [[10, Proposition 2.2.
(ii)] that ¢ + €|z — z0|? is weakly r-pseudoconcave on U. The proof is complete. O

(From this and the remarks at the beginning of this subsection, we obtain:

THEOREM 6.12. Let My be a compact n-reductive homogeneous CR manifold, with
canonical complex embedding My — M_.

If My is an r-psudoconvave CR-manifold, then M_ is an r-pseudoconcave complex
manifold and for every coherent sheaf ¥ we have

(6.13) dim (H/ (Mo, F) ~ H/(M_, F)) < 0o, Vj < r—hd(F).

In particular,

(6.16) dim (H?/(My) ~ HPY(M_)) < 00, Vj<r. 0
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